Abstract. In this paper, we provide a construction of a state-sum model for finite gauge-group Dijkgraaf-Witten theory on surfaces with codimension 1 defects. The construction requires not only that the triangulation be subordinate to the filtration, but flag-like: each simplex of the triangulation is either disjoint from the defect curve, or intersects it in a closed face. The construction allows internal degrees of freedom in the defect curves by introducing a second gauge-group from which edges of the curve are labeled in the state-sum construction. Edges incident with the defect, but not lying in it, have states lying in a set with commuting actions of the two gauge-groups. We determine the appropriate generalizations of the 2-cocycles specifying twistings of defect-free 2D Dijkgraaf-Witten theory. Examples arising by restriction of group 2-cocycles, and constructed from characters of the 2-dimensional guage group are presented.
Introduction
One standard construction of topological quantum field theories is given by an analogue of lattice-gauge theories: state-sum constructions on triangulated manifolds (cf., for instance [8] , [9] , [4] ) in which simplexes of various dimension are labeled or "colored" with combinatorial or algebraic data, sometimes called"local states", subject to conditions traditionally termed "admissibility", values are computed from the local states and multiplied over the whole triangulation, and these products in turn are summed over all admissible labelings -or alternatively over all labelings with the local state value of inadmissible colorings set to zero. The resulting state-sum is then normalized so as to be invariant under changes to the triangulation within the same piecewise linear (PL) structure on the space, giving a topological invariant, which by standard constructions (cf. [10] ) is seen to arise from a topological quantum field theory in the sense of Atiyah [2] .
In n-dimensional Dijkgraaf-Witten theory, the n-simplex edges are labeled with elements from a finite group, and the state values are defined by an n-dimensional group cocycle [9] , [4] . It has been argued by Fuchs et al. [6] at the physical level of rigor that the extension of a TQFT by the inclusion of defects -submanifolds of lower dimension across which the bulk structure of the TQFT does not extend -will naturally result in data on defects having an action of the bulk data. In the case of Dikjgraaf-Witten theory, this suggests that defects will have data corresponding to a set with an action of the bulk gauge group. In this paper we introduce a curve C to the surface Σ and find an invariant of Σ ⊇ C by way of the combinatorial description of Dijkgraaf-Witten theory.
Throughout this paper, all curves and surfaces are oriented, compact, without boundary, and, for simplicity, equipped with a specified PL structure.
Triangulations of surfaces with curves
It turns out that merely requiring the curve be a subcomplex of the triangulated surface is insufficient. We require that triangulations of surfaces with curves be flag-like: Definition 2.1. A triangulation T of a surface with curve Σ ⊇ C is flag-like if C is a subcomplex, and if, for every 2-simplex σ ∈ T , the intersection of σ and C is either a face (i.e. one vertex or one edge) or is empty.
Note that the definition given is specific to a surface containing a curve. The notion is more general and applies to filtered piecewise linear spaces, in which case the condition for a triangulation to be flag-like is that the induced filtration of each simplex be a (possibly incomplete) simplicial flag (cf. literature on intersection (co)homology, where the notion first arose, as, for example [5] ) hence the name.
The restriction to flag-like triangulations is very mild, since it is easy to see that the barycentric subdivision of any triangulation for which the subspaces of a filtration are subcomplexes is flag-like.
In all figures throughout the rest of the paper, shaded edges and vertices indicate those lying in the curve.
Three distinct types of 2-simplexes may occur in flag-like triangulations of a surface with curve:
Alexander, in his seminal paper [1] , showed that two PL spaces are PL homeomorphic if and only if they admit iterated stellar subdivisions with the same combinatorial type. Usually this result is stated in a form which does not require the reaching of a common subdivision, but allows a sequences of stellar subdivisions and their inverses (welds), both of which are now commonly called "Alexander moves," but we will have cause to use the full force of the result. Thus topological invariance of some quantity or object computed or constructed from a triangulation may be shown by its invariance under the Alexander moves.
The Alexander moves applicable to surfaces, are depicted below.
Once a curve is introduced, it is easy to see that if an Alexander subdivision is applied to a flag-like triangluation, the resulting triangulation will be flag-like. This is not the case with welds, as for example in the two depicted below
We distinguish moves which preserve flag-likeness by making Definition 2.2. A combinatorial move applicable to a flag-like triangulation is flag-like if its final state is also a flag-like triangulation.
We then have Theorem 2.3. If (Σ i ⊇ C i , T i ) for i = 1, 2 are two surface-curve pairs equipped with flag-like triangulations, there is a PL-homeomorphism from Σ 1 to Σ 2 carrying C 1 to C 2 if and only if there is sequence of flag-like Alexander moves applicable to T 1 which results in a triangulation combinatorially isomorphic to T 2 .
Proof. The forward implication follows from the full force of Alexander's theorem -that two complexes are PL-homeomorphic if and only if there is a common subdivision by Alexander subdivisions -and the observation that subdivisions of flag-like triangulations are always flag-like: starting at each of T i , i = 1, 2, apply Alexander subdivisions (necessarily flag-like) until a common combinatorial type of triangulation is reached. The sequence in the theorem is then the sequence of subdivisions beginning at T 1 followed by the welds reversing the subdivisions starting at T 2 in reverse order. The converse is trivial.
Exhaustive consideration of cases shows that there are ten combinatorial types of flag-like Alexander subdivision moves (and thus ten corresponding types of flag-like Alexander welds). They are depicted below:
Even though, unlike the case in higher dimensions, there are only finitely many combinatorial types of Alexander moves, the number of edges involved in the state following subdivision of an edge makes using Alexander moves in state-sum constructions unwieldy. We therefore wish to reduce the problem of PL homeomorphism of curve-surface pairs to Pachner moves, or rather the extended Pachner (bistellar) moves of [3] . Proof. The first three flag-like Alexander moves are flag-like Pachner moves, so for these the result is trivial. The next four pairs of flag-like Alexander moves change the triangulation of a cell which intersects the curve in a single simplex, lying in the boundary of the cell. It is clear in this circumstance that any Pachner move taking place inside the cell must be flag-like, so for these cases the result follows from Pachner's proof [7] . The tenth flag-like Alexander move is an extended Pachner move, so for this the result is again trivial.
Sequences of flag-like Pachner moves implementing the eighth and ninth flag-like Alexander moves are depicted below:
3. Colorings of triangulated surface-curve pairs 3.1. Edge labels and orientations. Each edge of a 2-simplex either does not intersect the curve, intersects the curve at only one point, or is totally contained in the curve. The restriction to flag-like triangulations ensures that the fourth possibility, intersecting the curve in exactly two points (the end points), does not arise. As in the combinatorial constructions of defect-free finite gauge group Dijkgraaf-Witten theory (cf. [9] ), edges not intersecting the curve are colored with elements of a finite group G. Edges intersecting the curve at one point are colored with elements of a set X, and edges lying on the curve are colored with elements of a finite group H: g x η where g ∈ G, x ∈ X, and η ∈ H.
The set X will, moreover, be equipped with a right action of the group G and a left action of the group H.
As in [10] , edge orientations are determined by enumerating the vertices of the triangulation and orienting the edges from the earlier end point to the later. The vertices lying on the curve are always enumerated first. Then, the remaining vertices are enumerated.
It follows from this ordering that edges with only one vertex on the curve will always be oriented away from the vertex intersecting the curve:
It also follows that every 2-simplex will have two edges oriented in the same direction, with the third edge oriented oppositely. Additionally, the orientation of those two edges give each 2-simplex its own orientation, which may either agree with or be opposite the given orientation of the surface. By convention, we will always depict portions of triangulations as viewed from the side of the surface from which counterclockwise corresponds to the given orientation of the surface. 
In these figures and those following, the numbering of the vertices is not intended to indicate their absolute numbering in the enumeration of the vertices, but their relative positions in that enumeration. In each figure vertices will be numbered with an initial segment of the natural numbers beginning with zero.
The notion of admissiblity will be the most natural generalization of that used in the combinatorial construction of finite-gauge group DijkgraafWitten theory: for simplexes not intersecting the curve, as expected, the 2-simplex is admissibly labeled if the product of the group elements labeling the edges oriented in the same direction is the group element labeling the third edge, i.e. in the notation of the figures above, if f g = h. A 2-simplex with only one vertex intersecting the curve is admissibly labeled if x · g = y, where · : X × G → X denotes the right action of G on X. Similarly, a 2-simplex with an edge entirely on the curve is admissibly labeled if η · x = y for the left group action · : H × X → X.
Admissible colorings of triangulations and extended Pachner moves.
Definition 3.1. Let G and H be two finite groups, and X as set with a right G-action and a left H-action which commute (in the natural sense which looks like a restricted associativity condtion:
An (H, X, G)-coloring of a triangulation T of a surface-curve pair (Σ ⊃ C) is a function λ : T 1 → G X H such that the value of every edge not intersecting C lies in G, the value of every edge intersecting C in a single point lies in X, and the value of every edge of C lies in H. Here T k denotes the set of k-simplexes in the triangulation T .
An (H, X, G)-coloring is admissible if every 2-simplex is admissible as described above.
To determine both what is the appropriate generalization of a 2-cocycle on the gauge group and what sort of normalization procedure will give a topological invariant of surface-curve pairs, it is necessary to understand the behavior of admissible colorings under flag-like extended Pachner moves.
For each of the three types of triangles, a 1-3 subdivision move will introduce a new vertex and three new edges, with the edge between the new vertex and the last numbered vertex of the unsubdivided triangle disjoint from the curve. An admissible coloring of the original triangle, together with the choice of an element of G with which to color this edge, then uniquely determines admissible colorings of the three smaller triangles of the subdivision
where f, g, h ∈ G;
where x ∈ X and g, h ∈ G;
where η ∈ H, g, h ∈ G, and x ∈ X. Observe in each case that the well-defininedness of one of the labels depends on a generalization of associativity -for the triangle not incident with the curve associativity within G, for the triangle intersecting the curve in a single vertex the associativity condition in the definition of a right group action, and for the triangle with an edge lying on the curve, the commutativity of the two group actions. In each case we have inserted the new vertex after the vertices of the original triangle in the new ordering. It is an easy, though tedious exercise, left to the reader, to verify that the same conclusion holds if the new vertex is placed anywhere else in the ordering of the vertices not on the curve.
Another easy exercise, also left to the reader, is to verify that if the edges of the initial state of a 2-2 move are admissibly colored, there is a unique admissible coloring of the final state agreeing with the given coloring on the edges which are not changed by the 2-2 move. Again, one case uses each analog of associativity.
Finally, we consider the behavior of admissible colorings under the extended Pachner move subdividing an edge of the curve: Again the admissible coloring of the welded state, together with a choice, this time of an element θ ∈ H, determines a unique admissible coloring of the subdivided state. Note, here we chose to introduce the new vertex into the ordering of vertices earlier than all the vertices in the welded state. Again we leave it to the reader to verify that the same conclusion holds if the new vertex is inserted anywhere else in the ordering of the vertices on the curve.
From the foregoing discussion it is essentially immediate that we have a generalization of the invariants of surfaces arising from "untwisted" 2-dimensional Dijkgraaf-Witten theory to surface-curve pairs: Theorem 3.2. Let G and H be finite groups, and X a set equipped commuting group actions of G on the right and H on the left. For any flag-like triangulation of a surface-curve pair Σ ⊃ C, T , with vertices ordered as described above, let κ (H,X,G) (T ) denote the number of admissible (H, X, G)-colorings of T , and T k n denote the set of n-simplexes of T with k vertices lying on the curve, then the quantity
is independent of the triangulation and the ordering on the vertices, and thus a topological invariant of the surface-curve pair Σ ⊃ C.
Proof. Having observed above that extended Pachner moves which introduce a vertex on (resp. off) the curve replace an admissible coloring with |H| (resp. |G|) admissible colorings, this follows immediately from Proposition 2.4. The one thing to note is that the independence from the ordering of the vertices follows from the same proposition by the simple trick of performing (flag-like) extended Pachner moves to obtain a triangulation with no vertices in common with the original, then performing the inverses of the same moves in reverse sequence, but inserting the original vertices into the ordering to agree with some other desired ordering, rather than the given one.
Of course it is easy to express the invariant of Theorem 3.2 as a state-sum, since κ (H,X,G) (T ) = λ σ∈T 2 χ(λ, σ)), where λ ranges over all (H, X, G)-colorings and χ(λ, σ) = 1 if λ colors σ admissibly 0 otherwise
Generalized 2-cocycles
The invariant just described is the natural generalization of "untwisted" 2-dimensional Dijkgraaf-Witten theory from surfaces to surface-curve pairs, but in general n-dimensional Dijkgraaf-Witten theory is described by the (finite) gauge group, together with an n-cocycle valued in the multiplicative group of a chosen ground field, K, which provides local state values for n-simplexes, explicitly in the case of n = 2 a function α :
The corresponding invariant of oriented surfaces is then given in terms of a triangulation with ordered vertices T by
where λ ranges over all admissible colorings,λ(σ) is the pair of elements of G coloring the edges 01 and 12 of σ, and
if the orientation of σ induced by the ordering agrees with the orientation of the surface −1 if the orientation of σ induced by the ordering is opposite the orientation of the surface It is an easy exercise, similar to calculations we are about to give for instances of our local state values on triangles intersecting the curve, to verify first that the 2-cocycle condition is precisely the condition needed to ensure that when the initial state of a 2-2 Pachner move is admissibly colored, and the final state is given the unique admissible coloring agreeing with the given one on the unmodified edges, the products of the quantities α ǫ(σ) (λ(σ)) over the initial and final pairs of triangles are equal, and second that the 2-cocycle condition also implies that the product of α ǫ(σ) (λ(σ)) over the three triangles of the subdivided state of a 1-3 Pachner move is equal to to the value of α ǫ(σ) (λ(σ)) on the single unsubdivided triangle, whenever λ is taken to be an admissible coloring of the triangle in the latter case and any of the admissible colorings induced by λ and a choice of label for a new edge in the former.
We, of course, require local state values for triangles with a vertex or an edge on the curve, and thus will consider a triple of functions, (α, β, γ)
Now consider a 2-2 Pachner move with a single vertex on the curve:
The choice of x ∈ X and g, h ∈ G determine unique admissible colorings of both the initial and final state and require the equation
for the product of the local state values to remain unchanged by the move. Solving to put all the factors on one side gives a cocycle-type equation
which also ensures that the product of local state values remains unchanged when an admissible coloring of a triangle with a single vertex on the curve is replaced with the admissible coloring corresponding to any choice of a label from G for a new edge not incident with the curve after a 1-3 subdivision:
Similarly, considering a 2-2 Pachner move with an edge in the boundary of the cell lying on the curve
requires the condition
to ensure invariance under the move, which condition also ensures that the product of local state values is unchanged in passing from an admissibly colored triangle to any of the admissible colorings of the 3 triangles induced by choosing an element of G with which to label the one new edge not incident with the curve introduced by a 1-3 move, as, for example
Invariance under the extended 1-2 move on the curve requires a fourth condition:
Or, solving to move all the factors to one side,
The foregoing discussion has almost established our main theorem: Theorem 4.1. Let G, H be groups with commuting group actions on a set X. For a field K, let α :
For any flag-like triangulation T , let
where adm(T ) denotes the set of admissible (H, X, G)-colorings of T and ǫ(σ) andλ(σ) are as above. Then Z(Σ, C) is independent of T and therefore is a topological invariant of Σ ⊇ C.
Proof. The one issue that remains to resolve to establish the result is the independence from the ordering of the vertices. In each of the instances of the 1-3 move above, the new vertex was added to the ordering after the vertices of the unsubdivided triangle, while in the extended 1-2 move it was added earlier in the ordering than the vertices of the subdivided edge of the curve. In fact, inserting the new vertex elsewhere in the ordering will, in each instance give an equation which, after suitable substitutions, is an instance of one of equations (1) - (4) giving the equation
or equivalently
which last equation is an instance of (1) with f = jl −1 , g = l, and h = k.
As was the case with the untwisted invariant, and by the same argument -use flag-like extended Pachner moves to obtain a triangulation with no vertices in common with the original, then undo the moves, putting the vertices into the ordering any desired different order -invariance under the extended Pachner moves, independent of where in the ordering new vertices are inserted by moves introducing new vertices, suffices to show that the quantity is independent of the ordering of vertices, subject, of course, to the condition that the vertices on the curve occur before those off the curve.
Examples of initial data
It remains to see that there are non-trivial examples of the initial data needed for the construction.
Example 5.1. Restricted 2-cocycles
Fix a group Γ and a 2-cocycleα : Γ × Γ → K × for a field K. Let H and G be subgroups of Γ and X any subset of Γ closed under right multiplication by elements of G and left multiplication by elements of H, for instance X = Γ, X = {e} or X = HG = {hg|h ∈ H, g ∈ G}.
Define α =α| G×G , β =α| X×G , and γ =α| H×X . Since α, β, and γ are now just restrictions onα, then conditions (1), (2) , and (3) on α, β, and γ reduce to instances of the 2-cocycle condition and are consequently satisfied. Also from the 2-cocycle condition, it follows that α(θ, η) =α(θ, ηw)α −1 (θη, w)α(η, w) = γ(θ, ηw)γ −1 (θη, w)γ(η, w) andα −1 (θ, η) =α −1 (θ, ηx)α(θη, x)α −1 (η, x) = γ −1 (θ, ηx)γ(θη, x)γ −1 (η, x), thus condition (4) is satisfied as well.
Our second example can be used to construct initial data for a twisted invariant based on any triple (H, X, G), and is constructed out of families of group characters.
Example 5.2. First, for any triple (H, X, G), the (double) orbit of an element x ∈ X is given by [x] := {hxg | h ∈ H, g ∈ G} Denote the set of orbits byX. Now, for any field K, let the set of multiplicative characters of a group Γ valued in K × be denoted Ch(Γ, K).
Any pair of functions φ :X → Ch(G, K), ψ :X → Ch(H, K), then determine a twisting (α, β, γ) for which α ≡ 1 by Condition (1) holds trivially, while the others follow easily from homomorphic property of characters and the independence of the character applied to the group element from the representative of the orbit in X occuring in the other coordinate of the input.
